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Stability Analysis of Systems with 
Time-Varying Delays 

• Background: 

            In last two decades, communication networks have 
been among the fastest-growing areas in engineering and 
there has been increasing interest in controlling systems over 
communication networks. The control-over-Internet is 
available because of the high-speed networks.  

           As the inherent propagation delays of communication 
networks, these systems are frequently modelled from the 
control point of view as time-delay systems. In fact, the delays 
are often time-varying and stochastic which are much more 
complicated. 





Stability Analysis of Systems with 
Time-Varying Delays 

• Significance: 

         Time-delay is inevitable(lead to instability of       
system) 

         The model of systems with time-delay is infinite 
dimensional functional differential equations 

  



Stability Analysis of Systems with 
Time-Varying Delays 

• Investigation framework:  
         Lyapunov-Krasovskii functional(LKF) 
         Linear matrix inequality(LMI) 
• Target: 
         To reduce the conservatism of the obtained 
criteria(viewpoints of construction of LKFs/estimation of 
their derivatives) 
         Widely apply it in different control systems with 
time delay 



Method 

• Choose a LKF candidate, in which Lyapunov matrices 
are to be determined; 

• Find the conditions (C1) that ensure the positive 
definite of LKF; 

• Find the conditions (C2) that ensure the negative 
definite of LKF’s derivative; 

• the summarization of C1 and C2 leads to the stability 
criterion; 



• System with time-delay 

Modeling 

Investigating the stability problem in time-domain is a usual way to solve it 
in a system with time-delay 

where x(t) ∈ 𝑅𝑛 is the system state, A and 𝐴𝑑 are the system matrices, the 
initial condition ϕ(t) is a continuously differentiable function, and d(t) is the 
time-varying delay satisfying. 



LFK Candidate 

commonly candidates 

these candidates will be easier to 
find the feasible solutions due to 
the freedom of new cross terms 

The delay-product-type LKFs were developed and found to be helpful for 
improving the results. The selection of The LKF candidates which are more 
general can give more spaces to find the desired LKF. 



Approach for Estimating LKF’s 
Derivative 
How to find the boundary of admissible delay, which can remain the system stably, 
is the significant objective of stability analysis. 

double integral term is usually 
applied in the LKF.  

find the upper bound of 
S(t) which can lead to less 
conservatism on control 
systems 
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Approach for Estimating LKF’s 
Derivative 
• Wirtinger-based integral inequality 

 

 

• Relaxed integral inequalities 

 

•  Wider integral terms 

𝑆 𝑡 = − 𝑥 𝑇 𝑡 𝑅𝑥 𝑡 𝑑𝑠
𝑡

𝑡−𝛼𝑑 𝑡

− 𝑥 𝑇 𝑡 𝑅𝑥 𝑡 𝑑𝑠 −  𝑥 𝑇 𝑡 𝑅𝑥 𝑡 𝑑𝑠
𝑡−𝑑 𝑡

𝑡−ℎ

𝑡−𝛼𝑑 𝑡

𝑡−ℎ

 



Results 

• Wirtinger-based integral inequality 
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Results 
• Relaxed integral inequalities combine Wider 

integral terms 
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Future work 

• the stability analysis of systems (more LKF 
candidates/different boundary approach) 
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